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ILLUSTRATIVE EXAMPLES

Example 1. Solve ydx — xdy + 3x%y? e* dx = 0.

. 2
Sol. Since 82" = d(c“"a), the term 3x2y""exn dx should not involve y=.

S 1 :
This suggests that —- may be an LI

3’
ydx — xdy =0
Multiplying throughout by —}— we have 7 + Bate”, r]x
y° |
or d [l) +d (e*) = 0, which is exact.
g )

. X 3 L 2 gt .
Integrating, we get = +e* =c, which is the required solution
Yy

Example 2. Solve xdy — ydx = x\[x2 — yZ dx.

v’y -y
y 2 i el
Sol. The given equation is xdy — ydx = x2 ,[1- (—) dx or - ’«.::_-::—,_--. == dx
: X { Vo
or : d(Sin_1 l) = dx, which is exact.
x
Integrating, we get sin™! Y=x+c or y = x sin {x + ¢, which is the required
x
solution. '
a?
Example 3. Solve: xdx +ydy = (x;iy ydx)
. x? + 32
Sol. The given equation is xdx + ydy — a2d (ta 3 i 0
L xtiy yt y
Integrating, we get ? +2——a?tan 1L =¢
X
or x2+y2-2a2tan! £ =, where C = 2¢.
: x
"TEST YOUR KNOWLEDGE
Solve the following differential equations:
1. xdy-—ydx=(x®>+y%dx 2. xdy — ydx = (2% + y2) (dx + dy)
3. y(2xy+e?) dx=e"dy 4. (v logy - 2xy) dx + (x + y) dy = 0
5. xdy—ydx=xy?dx 6. xdy = (x2y% — v) dx
2  dy g ay
7:7 (et y) (xZi_x— +3’) = xy(l i a’:c) 8. xdy - ydx = (4x2 + y2)dy

9. (y+y?cosx) dx — (x—y3) dy = 0.



JACT DIFF ERENTIAL

s - EQUATIONS 1 1

: Nm"”"‘"‘“mw-m-... M7.47
iy MO A we g e
1 tan ‘\— =X 4 3
o W\ 2~ ‘“n“ '):‘ - p 3
g & ‘7— = : g LS
xooxt oxlogy . v 4 yE¢
O :
) 1 6. - !V =X 4 ’
m o loglay) = \\4‘\' - ¢ ] '
= 8. -~ tan '( <)
X ‘ ye 2 2x J oS
9. —dsinn+d
b 2 &
Hints
xdy — vdx
1. _“q‘\*ﬂ— =dx = d -1y 2 1 X - b
RO tan X =dx 3. I'F'=”y7 and yic%zfﬂzd(%J
_1 x
4. I.F.—f and ;dy*'l(’gydx:d(xlogy) 6. xdy;zdx i - = d(xyz) =gt
E X"y (xy)
7. Ydy+ydx _dx+dy dlxy) _d(x+y) \
Xy (x +y)2 xy (x +y)2
xdy — ydx (xidy— &dx)/xz ‘d( Z l
8. a3 = = 7 =dy = XL g
4x” +y ; 4+ (y/x) aal? 2 .
+ ol

(b) LF. for a Homogeneous Equatioh. IfMdx+Ndy=0isa homogeneous equation

; 1 ) ; ‘
In x and y, then m 1s ag L.F. prpwded Mx + Ny # 0.

Note. If Mx + Ny consists of only one term, use the above method of LF. otherwise. proceed
by putting y = vx.

Example. Solve: (x%y — 2xy?) dx — (x° — 3x%y) dy = 0.
Sol. The given equation is homogeneous in x and y with

= x2y — 2xy2 and N=—3+ 3x2y

Now, Mx + Ny = a3y — 2x%y? — x3y + 3a2y2 = x2y2 2 0
L TP~
LF.= Mx+ Ny  x2y% "
1 ; : 1 2),. (= _ _%]
Multiplying throughout by ;7;’—2'—, the given equation becomes (—; - —l-} x - ("\T 5
. , 3
dy = 0, which is exact. The solution is j (—l’ - %—} dx + j T dy=c
' y constant
| —x———210g;\7+310gy=('.
or 7



M-7.18 A TEXTBOOK OF ENGINEERING MATHEMATICS

TEST YOUR KNOWLEDGE
Solve the following differential equations:
L (y=—2yHde-@2=3xy)dy=0 2. x% dx - (2 + y) dy =0
3. (Bay— ) dy— (2% - xy?) dy = 0 4. (x* - Bxy + 2y%) dx + x(3x = 2y)dy = 0.

Answers

3

- x

1. S-2logx+3logy =c . 2. logy - a3 B
n“

) 2 _
3. 3]0gx—-210gy+:"—=c 4. x®logx +3xy - y° =
X

(c) LLF. for an equation of the form f1(xy) ydx + f,(xy) xdy = 0.

1 .
If Mdx + Ndy = 0 is of the form f1(xy) ydx + fy(xy) xdy = 0, then N — Nv is an L.F.
provided Mx — Ny # 0.

Example. Solve: y (xy + 2x2y2) dx + x(xy — x2y2) dy = 0.
Sol. The given equation is of the form f1(xy) y dx + fo(xy) x dy = 0.

Here, ' M = xy? + 2x%y3 and N = x2y — x3y2
Now, - Mx— Ny =x2y2 + 2x3y3 _ x22 4+ 5348 = 35332 0
1. 1
ILF.=

Mx-Ny 38x%53

1
Multiplying throughout by ——— = ——3 5 the given equation becomes
Yy

1 2 1 1
+— |dx + -—|dy=0
(3x y 3xJ ik [3:)cy2 3y) 44

which is exact. The solution is I ( 1 + i) dox + J _ 3i dy=¢
y

2
y constant 3x Y 3x‘
- __.+glo x——lo =c
3xy 3 2 3 =
1
- —;; +2logx—log y=C, where C = 3¢.
 TEST YOUR KNOWLEDGE

Solve the following differential equations:
1. (1 +xy) ydx+ (1—xy)xdy =0.

2. (%Y + xy + 1) ydx + (292 — g ¥ 1)y = 0.
3. y(2xy+ ldx+ x(1+2xy - y3dy = 0.

4. (xy? + 2x2y8) gy + (x%y — x3y2) dy = 0.




v

o ‘ Wi
f“,&‘y' . xy2)dx —(x+ xzy) dy =0 . ey
. (zy Sin % + cos xy) yex + (xy sip xy

6. 2 LOg xy) xdy =),
Answerg
1 348 log( J c
1. x Y 2, xy + ]og( -)_ sl ¢
1, L +1 Saat
— ogy =¢ k
3. 12 2 3xaya 1
Xy 4. -;37-5—210gx—-10gy=(:
X
log ’) TR EC '
5. (y ’ 6. y cos xy = cx.
(d) For the equation de_+ Ndy =0
oM _oN
) dy 0x ‘
@) If AN T f(x), a function of x only, then e/ /®4~ is an LF.
oN _oM
RIS - :
(i) If ox 9 - g(y), a function of y only, then ¢l 80)d7 ig an L.F.

M

Example 1. Solve: (xy? - e*’ )dx x2y dy = 0.
1

Sol. Here M = xy? — e®® and N=-x%
M _oN
73;’_ " _2__’_‘1:__(:.2—39’2: _ 4 which is a function of x only.
N % x

A DAL 7
_____ V — -
Multiplying throughout by Wé aye | 3 x4 2

2 1
' ] j 2’._ = —1;— e 2 |dx=c
Which is exact. The golution 18 £ %

y constant .

‘)
X y” ol dt=c, wherel="73

2 3 xs =C: or ——9o + s ’ X
T ox? 3 X ' S 1

2.0 3y yoex =C, where C = 6¢.

t —-—

y +—e = cC or x2

o - 9’ B
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Example 2. Solve: (xy? +y)dx + 2(x%? +«x +y4) dy =0.

6 4
Sol. Here, M=xy*+y and N=2x%y?+2x+2y
IN _ dM 3
ax  dy _ dxy® +2-3xy’ -1__xy +1 _1
M xy +y yy® +1) Y
which is a function of y only.
: 1,
LF.=e” elosy =y

5
Multlplymg throughout by y, we have (xy! + y?) dx + 2 (@%y® + xy +57) dy )

which is exact. The solution is J- (xyt + %) dx + I 2y°dy =c

y constant
2,4 :
~ TEST YOUR KNOWLEDGE

Solve the following differential equations:
1. @2+32+x)dx+xydy=0
3. (®+y%2+2x)dx+2ydy=0.

[\

. (22 + y%2 +1) dx — 2xydy = 0.
. (y* + 2y)dx + (xy® + 2y — 4x) dy = 0.

"

3 2
5. (y+y—3-+%')dx+:11-(x+xy2)dy=0.
7. (xye™ + y2) dx — x2e?y dy = 0.

[=2]

. (x sec? y — x2 cos y)dy = (tan y — 3x4)dx.

8. (Bxy — 2ay?)dx + (x% — 2axy)dy = 0.
9. (x%*—2mxy?)dx + 2mx2ydy = 0. 10. y(2x%y + e%)dx = (e* + y3)dy.
11. ydx'—xdy +log x dx= 0. 12. (2x log x — xy) dy + 2ydx = 0.
13.  (3x%y* + 2xy)dx + (2x3y3 — x2) dy = 0. 14. ylog y dx + (x —log y) dy = 0.

15.  (xy3 +y)dx + 2 (x2y2 + x + yh)dy = 0.

Answers
2+ Ga2y? + 433 a1
1. 3x*+6 +4x° = 2. x - -— = x(,.2 2y _
'y c S . . e(x" +y)=¢
4 y+%x+y2=c 5. Ba2y + xhyP 4 8 fany . .3
i y . OX7y Y =c 6.T+x —-siny=c
7. eP+logx=c 8. x%y(x—ay)=c , 9 ex+m(—‘2)2=
X
A
10. _3—+y 5 c 11. 1+ y+log x=cx 12.2y10gx..é_y2=
32'x2 1 2 4 6
e W 14. xlog y — =(log y)? = x
13. *y *7 8y -5 Uogy)’ =¢ 15.Ty+xy2+y?=-
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